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Central Question

Does a given sequence of functions have a limit almost-everywhere
(with respect to an underlying measure), and if so, what is that
limit?



Central Question

Does a given sequence of functions have a limit almost-everywhere
(with respect to an underlying measure), and if so, what is that
limit?

We take sequences of the form T,f where T, : X — M(Q), X is a
Banach space and M(2) are R or C valued measurable functions

defined on a measure space 2.

Toof == lim T,f (?)
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Maximal Functions

Definition (Maximal Functions)

For each f € X and x € Q, we define

T*f(x) :=sup|T,f(x)| .

If T*f is measurable, we call it a maximal function (on Q). T* is
called a maximal operator (from X to Q).



The Magic of Maximal Functions

Theorem (The Magic of Maximal Function?)
Let T, be a sequence of subadditive operators from X to € and

T* be the associated maximal operator. Suppose that:

(H1) There exists a dense subset Xo C X where for each f € Xy,
T,f has a measurable limit for a.e. x € €.

(H2) T* satisfies the C—0 Hypothesis
Then, we have:

(i) For every f € X, Tof(x) has a measurable limit, Toof(x), for
a.e. x € Q. T is an operator from X to Q. (Existence)

(ii) The operator T, is continuous in measure: that is, if f, —
in X, then Toofp(x) — Tof(x) in measure. (ldentification)



The C-0 Hypothesis

Definition (The C-§ Hypothesis)
Let T* be a maximal operator from X to Q. Define for C,§ > 0,

M(5,C) = sup u(T*f(x)>C).
fillfll<é
We say that T* satisfies the C—0 hypothesis if, for all C > 0, we
have that
lim M(6,C)=0.
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Maximal Inequalities

Definition (Maximal Inequalities)
Let T* be a maximal operator from X to Q. A maximal inequality

is a bound of the form

f'
w(T*F>C)<Q (” C’X>
where lim,_,g+ Q(x) = 0.
Often, Q(x) ~ xP. When Q is of this form, T* satisfying a
maximal inequality is equivalent to T* being a bounded operator
into weak-LP.



The C-0 Hypothesis is HARD

The Magic of Maximal Functions requires three things:

e Subadditive operators T,
e (H1) lim, T,f exists for f € Xo, Xo = X
e (H2) T* satisfies a Maximal Inequality

Once these three hypotheses are satisfied, the proof is done.
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The C-0 Hypothesis is HARD

The Magic of Maximal Functions requires three things:

e Subadditive operators T, (Easy)
e (H1) lim, T,f exists for f € X, Xop = X (Often Easy)
e (H2) T* satisfies a Maximal Inequality (ALWAYS Hard)

Once these three hypotheses are satisfied, the proof is done.



Example: Carleson’s Theorem

Theorem (Carleson—Hunt)

Let f € LP(T), 1 < p < o0. Then,

Z Fee2mikx —. Sp[f] — f, Lebesgue a.e.

—n

()?k denotes the kth Fourier coefficient of f)

S, are additive, C2 functions are dense in LP.
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Theorem (L. Carleson, R. Hunt, 1967)
We define the Carleson maximal operator by

Mcf = sup |Sn[f]] -
neN

Mc is a bounded operator from LP to Lf, for1 < p < oo. 7



Example 2: Lebesgue Differentiation Theorem

Theorem (Generalized Lebesgue Differentiation Theorem)

Let ju be a o-finite Borel measure on R, and let f € [1(R, dp).

Then we have
1

1 B0 oy [IHO) = )

for p.a.e. x € R.



Example 2: Lebesgue Differentiation Theorem

Theorem (Generalized Lebesgue Differentiation Theorem)

Let ju be a o-finite Borel measure on R, and let f € [1(R, dp).
Then we have

. 1 o

for p.a.e. x € R.

1
Tef = /-’L(BE(X))/BE(X) f(y)du(y)

T are additive, uniformly continuous functions are dense in LP.



Example 2: Lebesgue Differentiation Theorem

Definition (Generalized Hardy-Littlewood Maximal Function)

Let i be a o-finite Borel measure on R. For each f € LY(R, dpu)

define
M, f = sup

1
>0 M(Be(x))/Be(X) IF(y)ldu(y) -

Theorem (Generalized Hardy-Littlewood Maximal Inequality)
For each C > 0, f € L}(R, dp),

2|17l

(Based on Croft-Garsia, as opposed to Vitali for Lebesgue measure)



Example 3: The Strong Law of Large Numbers

Theorem (The Strong Law of Large Numbers)

Let (2, du) be a probability space, and let f, be iidrv’s with the
additional condition that E(f,) < oo for each n. Then,

nI|_>rr;o . Z fi(w) =E(f) wp-almost surely.
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Example 3: The Strong Law of Large Numbers

Theorem (The Strong Law of Large Numbers)
Let (2, du) be a probability space, and let f, be iidrv’s with the

additional condition that E(f,) < oo for each n. Then,

nI|_>rr;o . Z fi(w) =E(f) wp-almost surely.

Let f = (1, f2,...) and define

n

Av,[f] = 1 Z i

n
1

Avy, are linear, lim,_,o Avp,f = E(f) for f € | & I+ where [ is the
set of bounded, Bernoulli-shift-invariant functions. 10



Example 3: The Strong Law of Large Numbers

Define
Mef := sup |Av,|[f]]

Theorem

Let (Q, dut) be a probability space and f, € L*(Q) (that is,
E(fc) < 00). For any a > 0, we have that

E(f)

uw(Mgf > a) <
«

(Based on the Hopf-Kakutani-Yoshida Maximal Ergodic Theorem)
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