Costello Divisibility: Explorations of a Comedic Division Algorithm

Introduction

» The comedy duo Abbott and Costello (best known for the routine "Who’s on

First") performs a routine in several films in which Lou Costello proves to Bud
Abbott that 7 X 13 = 28 with multiple methods. One of these is through a
modified process of long division, where Costello divides 28 by 7 and gets 13 as
a quotient. An outline of Costello’s erroneous long division is below.
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®” represents the Concatenation operation. To concatenate two numbers,
present them as base-10 representations and interpret them as strings. Then
concatenate the strings.

“%” represents the Remainder operation. a % b is the remainder produced by
standard division of a by b

“@” represents the operation of Costello Division. See Algorithm 1. Since

mon = (q,r), we call gthe quotient and r the remainder under Costello division.

“m(®” is the k—truncated representation of m. Present m in its base-10
expansion as myms - - - my. Then m%) is the number with base-10 expansion
mi - - - my.

“re’ is the kth-step remainder of Costello division of m by n. In particular,
m® @ n = (g r)-
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Formal Algorithm

Let mym, - - - my, be the base-10 expansion of a number m € Ny := N U {0}.

Algorithm 1 Costello Division of m by n

Require: me Ny, ne {1,...,9}.
qg <0
r «— 0
forl1 <i<fdo
if m; > nthen

q<— q® [
r<—re@(m;%n)
else
r<— ro m;
end if
if r > nthen
q—q ;]
r<—r%n
end if
end for
return (g, r)

> This is the Component-wise Division Step

> This is the Standard Division Step

Theorem 1: Costello Division by One

Let m > 0. Then the quotient of m @ 1 is the number m presented in its
base-10 representation with zeros removed, and the remainder of m@ 1 is 0.
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A photo of Bud Abbott
(Left) and Lou Costello

(Right).

Theorem 2: Costello Remainder Theorem

The remainder under Costello division of m by n is m % n.
The following is a sketch of the proof of this Theorem. Let m;m, - - - m; be the
base-10 expansion of m.

Proof.

Using induction on ¢, the number of digits that m has, assume the result holds
for numbers of length £ — 1.

It suffices to look at only the very last division step of the algorithm, and we find
that

r=(r—1® (my%n)) %n
By inductive hypothesis,
r = ((m(f_l) % n) & (mp % n)) % 1.
Careful analysis of the remainder operation then shows that
r = (m(f_l)@ mg) % n=m% n.

which proves our result. [

Further Explorations

» Costello Multiplication and Addition:

Costello proves that 7x13=28 with two other methods, which are akin to
standard processes of multiplication and addition. However, results such as
Theorem 1 show that neither of these can be inverse operations to Costello
Division. Potential explorations into these topics involve creating well-defined
general algorithms based on Costello’s other proofs, as well as analyzing on
what sets Costello Multiplication and Addition do indeed function as inverse
operations to Costello Division.

» Alternate Costello Divisions:

There are many limitations on the algorithm presented, and potential
explorations of expanding the definition of Costello Division may consider one
or more of the following;:

1. Costello Division with multi-digit divisors.

2. Costello Division in bases other than 10, in particular, bases of the form 2.

3. Costello Polynomial Division, in the sense of dividing polynomials by monomials.
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